
 

Advances and Applications in Mathematical Sciences 
Volume 18, Issue 1, November 2018, Pages 99-111 
© 2018 Mili Publications 

 

2010 Mathematics Subject Classification: 34K20, 34K40. 

Keywords: Hyers-Ulam, Hyers-Ulam-Rassias stability, neutral delay differential equation, 

piecewise constant deviating argument. 

Received March 8, 2018; Accepted May 9, 2018 

HYERS-ULAM-RASSIAS STABILITY FOR FIRST ORDER 

NEUTRAL DELAY DIFFERENTIAL EQUATION 

MAMTA KUMARI and Y. S. VALAULIKAR 

Department of Mathematics 

VVM’s Shree Damodar  

College of Commerce & Economics 

Comba, Margao, Salcete 

Goa 403601, India 

E-mail: mamtakumarii2014@gmail.com 

Department of Mathematics 

Goa University 

Taleigaon Plateau P.O. 

Goa 403 206, India 

E-mail: ysv@unigoa.ac.in. 

Abstract 

This paper discusses the Hyers-Ulam and Hyers-Ulam-Rassias stability for first order 

neutral delay differential equation with piecewise constant deviating argument. The initial 

value problem for this equation is solved by the method of steps. Gronwall type inequality is 

obtained and is used to discuss the stability of the solution of the equation. An example is given 

to support the results. 

1. Introduction 

In a Mathematical Colloquium at the University of Wisconsin, Stanislaw 

M. Ulam [21] discussed a couple of unsolved mathematical problems. One of 

the problems was about the stability of homomorphism [21]. Donal H. Hyers 

[4] in 1941 gave the first solution by solving it for a pair of Banach spaces 

using direct method. This stability phenomenon is now called Hyers-Ulam 

Stability. The next breakthrough came in the year 1978 when Themistocles 
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M. Rassias [19] extended the result of Hyer’s theorem. Rassias weaken the 

condition for boundedness of the norm for the Cauchy difference. This 

stability phenomenon is called “Hyers-Ulam-Rassias” stability. For more 

details the readers can refer to [5, 10]. 

Many papers are published since then, with the various generalization of 

Ulam problem and Hyers, Rassias theorem. Obloza [14] studied Hyers 

stability for linear differential equations and later [15] gave the connection 

between Hyers and Lyapunov stability of ordinary differential equations. A 

year later Alsina and Ger [1] studied the stability of    .tyty   Miura et al. 

[12] generalized the study to the differential equation    ,tyty   where  is 

a complex number, while Jung [8] proved a similar result for the differential 

equation of the type   .yyt   Many mathematicians investigated the 

Hyers-Ulam and Hyers-Ulam-Rassias stability for different types of 

differential equations [[7], [13], [18], and references therein]. Recently 

Masakazu Onitsuka and Tomohiro Shoji [16] studied the Hyers-Ulam 

stability of the first-order linear differential equation 0 axx  where a is 

a non-zero real number. 

Delay differential equations (DDEs) are the simplest form of Functional 

differential equations (FDEs). They are also known as differential equations 

with the retarded argument as the derivative of the unknown function 

depends on the past history. Neutral delay differential equations (NDDEs) 

are natural extensions of the DDEs which involves the derivative of the 

unknown function at the delayed argument. Most of the realistic models in 

natural sciences, economics, and engineering are well defined by DDEs and 

NDDEs and details can be read in the monograph by Kuang [11]. As a result, 

many researchers are attracted to study Hyers-Ulam and Hyers-Ulam-

Rassias stabilities of these equations. 

Jung et al. [9] studied Hyers-Ulam stability of the DDE    . tyty  D. 

Otrocol et al. [17] studied Ulam stability for a DDE of the type 

       ,,, tgxtxtftx   while J.H. Huang et al. [2] studied Hyers-Ulam 

stability of linear functional differential equations, and a year later for DDE 

of first order [3]. C. Tunc et al. [20] studied Hyers-Ulam-Rassias stability for 

a first-order functional differential equation. 
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Recently, A. Zada, S. Faisal, and Y. Li [22, 23] studied Hyers-Ulam 

stability of first-order impulsive DDEs and Hyers-Ulam-Rassias stability of 

nonlinear DDEs. Most of the research in last decades is on DDEs but not 

much is done on functional differential equations of neutral type. In this 

paper, we study the NDDE with piecewise constant argument. 

The aim of this paper is to investigate Hyers-Ulam and Hyers-Ulam-

Rassias stability of the equation, 

           ,;',,, Jttxtxtxtftx   (1) 

where    RI,RI,0,,0 3 JCfTTJ  and    is the greatest integer 

function. 

Let   denote the class of all functions RI: Jx  satisfying 

1.  tx  is continuous, for .Jt   

2.  tx   exists and is continuous on the intervals  ,1, nn  for 

2
~

,,2,1,0  Tn   and on  ,,1
~

TT   

where 

   

 








.,

,,1~

TTT

TTT
T  

A function RI: Jx  is said to be solution of (1) if x  and satisfies (1) 

with    txtx   on .1
~

,,2,1  Tt   

2. Preliminaries 

In this section, we present some preliminaries required for our discussion. 

We consider the equation (1) with initial condition 

  .0 0xx   (2) 

Here          4RI,,,  Ktxtxtxt  a closed bounded set, ,x  and 

.Jt   We now define Hyers-Ulam and Hyers-Ulam-Rassias stability for (1). 

Definition 1. Equation (1) is said to have Hyers-Ulam stability, if there 

exists a constant 0c  such that for each 0  and for each solution x of the 
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equation (1) satisfying 

                ,,,,,,  txtxtxtxtxtftx  (3) 

with initial condition (2), there exists a solution  tx  of the equation (1), 

such that     ,ctxtx    where c is independent of   and  .tx  

Let     ,0: Jt  and     ,0: Jt  be continuous functions. We 

have the following definition. 

Definition 2. Equation (1) is said to have Hyers-Ulam-Rassias stability, 

if there exists   0 t  such that for each   0 t  and for each solution  tx  

of the equation (1) satisfying 

            ,,,, ttxtxtxtftx   (4) 

with initial condition (2), there exists a solution  tx  of the equation (1) such 

that      ,ttxtx    where    tt  ,  are independent of  tx  and  .tx  

We now prove Gronwall type inequality. 

Lemma 3. Let 00 x  be a constant. Let x  and .0x  Let 

 .RI,,, 321
 JCaaa  If 

                 
t

Jtdssxsasxsasxsaxtx
0

3210 ,,  (5) 

then 

 
   

      
 

 






















1

0

1

320

1
1

1
1

t

i

i

i

duuaduua
dsiksasaeextx

i

s

i

i  

 
 

 
        ,,

1

32

1
11

Jtdstksasaee
i

i

duuaduua
i

s

t

t 













 

 


 (6) 

where   
     

  ta

tata
tk

3

21

1 


  and    .13 ta  

Proof. We set                  
t

Jtdssxsasxsasxsaxtz
0

3210 .,  



HYERS-ULAM-RASSIAS STABILITY FOR FIRST ORDER … 

Advances and Applications in Mathematical Sciences, Volume 18, Issue 1, November 2018 

103 

Then,        tztztxxz ,,0 0   is positive and nondecreasing for ,Jt  and 

              .tztktxtktx   

Then 

                    
t

dsszsksaszsaszsaxtz
0

3210 ,  

              
t

dsszsksasasax
0

3210 .  

By Theorem 4.1 in [6], we obtain the desired result.  

Lemma 4. Let  th  be a nondecreasing function in ,0,,RI  xx   

 .RI,,, 321
 JCaaa  If 

                   
t

Jtdssxsasxsasxsathtx
0

321 .,  (7) 

Then 

   
   

      
 

 






















1

0

1

32

1
1

1
1

t

i

i

s

duuaduua
dsiksasaeethtx

i

s

i

i  

 
 

 
       

 
.,32

11
Jtdstksasaee

t

t

duuaduua
t

s

t

t 













 


 (8) 

where   
     

  ta

tata
tk

3

21

1 


  and    .13 ta  

Proof. Dividing (7) by  th  we get 

 
 

   
 

    
 

    

  




 


t

ds
sh

sxsa

sh

sxsa

sh

sxsa

th

tx

0

321 .1  

Noticing that     thth   is nondecreasing. We get 

 
 

   
 

    
 

    

  




 


t

ds
sh

sxsa

sh

sxsa

sh

sxsa

th

tx

0

321 .1  
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Now taking  
 
 th

tx
tp   and         ,txtktx   we obtain 

                    
t

dsspsksaspsaspsatp
0

3211  

                
t

dsspsksasaspsa
0

3211  

          
t

dsspsrspsa
0

1 ,1  (9) 

where         .32 tktatatr   Using Lemma 3 with   03 sa  in (5), we 

obtain 

 
   

 
 

 






















1

0

1
1

1
1

1
t

i

i

i

duuaduua
dssreetp

i

s

i

i  

 
 

 
   .,

1
1

1
Jtdssree

t

i

duuaduua
t

s

i

t 













 




 

Now, on substituting for  tr  we obtain 

 
   

      
 

 






















1

0

1

32

1
1

1
1

t

i

i

i

duuaduua
dsiksasaeetp

i

s

i

i  

 
 

 
       

 
,,32

11
Jtdstksasaee

t

t

duuaduua
t

s

t

t 













 


 

from which (8) follows.  

Theorem 5. The unique solution of IVP (1), (2) on  T,0  is given by 

        







2
~

0

1

0 ,,,

T

i

i

i
dsixixsxsfxtx  

         


t

T
dssxsxsxsf

1
~

.,,,  (10) 
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Proof. Consider equations (1) and (2). For  1,0t  we obtain, 

         
t

dsxxsxsfxtx
0

0 .0,0,,  

As ,1t  we get 

     
1

0
000 .,,,1 dsxxsxsfxx  

For  ,2,1t  we get 

           
t

dsxxsxsfxtx
1

1,1,,1  

          
t

dsxxsxsfdsxxsxsfx
1

1

0
000 .1,1,,,,,  

As 2t  

             
2

1

1

0
000 1,1,,,,,2 dsxxsxsfdsxxsxsfxx  

      





1

0

1

0 .,,,

i

i

i
dsixixsxsfx  

Continuing this way and as ,nt   we obtain 

        







1

0

1

0 .,,,

n

i

i

i
dsixixsxsfxnx  

Consequently the unique solution for (1) and (2) on  T,0  is given by (10).  

3. Hyers-Ulam and Hyers-Ulam-Rassias Stability 

In this section we investigate Hyers-Ulam and Hyers-Ulam-Rassias 

stability of (1) and (2). 

Theorem 6. Suppose that          4RI,,,,  Ktxtxtxtx   a 

closed bounded set and f satisfies the following conditions: 
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(H1)         txtxtxtf ,,,  be continuous function on K, 

(H2) f is bounded on K i.e.          ,sup ,,, MfKtxtxtxt   

(H3) For 212121 ,, zzyyxx   and 321 ,, LLL  are positive constant 

with ,13 L  

    .,,,,,, 213212211222111 zzLyyLxxLzyxtfzyxtf   

(H4) for Jt ,0  

           ,,,,  txtxtxtftx  

then (1) and (2) have Hyers-Ulam stability. 

Proof. Let  tx  be a solution of (1) and (2). Then for 0  on J, 

           .,,,  txtxtxtftx  

From Theorem 5, we have for  ,,0 Tt   

                   
 

 

.,,,,,,0

1

0

1

tsxsxsxsfdsixixsxsfxtx

t

i

t

t

i

i
  







 

Now for Jt   and ,, yx  satisfying the equations (1) and (2), we 

obtain 

            
 









1

0

1

0 ,,,

t

i

i

i
dsixixsxsfxtxtytx  

          
  
t

t
ytydssxsxsxsf 0,,,  

               
 

 







1

0

1

,,,,,,

t

i

t

i

i

i
dssysysysfdsiyiysysf  

              
 









1

0

1

,,,,,,

t

i

i

i
dsiyiysysfixixsxsf  
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                   ,,,,,,, 
t

i
dssysysysfsxsxsxsf  

             
 









1

0

1

321

t

i

i

i
dsiyixLiyixLsysxLt  

                 
  
t

t
dssysxLsysxLsysxL .321  

Using Lemma 4, we can write 

     
 

 























1

0

1

32

1
1

1
1

t

i

i

i

duLduL
dsLLLeettytx

i

s

i

i  

   
  













 

 t

t

duLduL
dsLLLee

t

i

t

t
32

11
 

 
 

 























1

0

1

32

1
1

1
1

t

i

i

i

duLduL
dsLLLeeT

i

s

i

i  

   
  












 

 t

t

duLduL
dsLLLee

t

i

t

t
32

11
 

,c  

where ,1,
1 3

3

21 



 L

L

LL
L  and c is a constant given by 

 
 

 























1

0

1

32

1
1

1
1

t

i

i

i

duLduL
dsLLLeeTc

i

s

i

i  

   
 

.32

11














 

 t

t

duLduL
dsLLLee

t

s

t

t  

Therefore, 

    .max0 ctytxTt   

Consequently, (1) and (2) have Hyers-Ulam stability.  
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In the following theorem, we state without proof the Hyers-Ulam-Rassias 

stability of (1) and (2) on J. The proof is similar to Theorem 6. 

Theorem 7. Suppose that          4RI,,,,  Ktxtxtxtx   a 

closed bounded set and along with (H1), (H2), (H3) f satisfies the following 

condition: 

(H5) for Jt   

            ,,,, ttxtxtxtftx   

then IVP (1) and (2) have Hyers-Ulam-Rassias stability. 

4. An Example 

Consider the equation 

           ,
2

sin
2

2

cos








 tx

t
txtx

t
tx  (11) 

with initial conditions 

  .10 x  (12) 

Then                   .
2

sin
2

2

cos
,,,








 txtxtx
t

txtxtxtf  

It is easy to see that         txtxtxtf ,,,  satisfies (H1)-(H4). 

Now from (H4), we get 

           ,,,,  txtxtxtftx  (13) 

where   .0,,0  TTt  Integrating (13), we obtain 

   
 

     
 

   .
2

sin
2

2

cos
0

00
tdssx

s
dssxsx

s
xtx

tt












 







   

Let us consider  ty  which satisfies (11) and (12) with     .100  xy  Let 

321 ,, LLL  be positive constants and .13 L  
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Then, 

     
 

,

1

0

1

32

1
1

1
1

 























t

i

i

i

duLduL
dsLLLeeTtytx

i

s

i

i  

   
 

,32

11














 

 t

t

duLduL
dsLLLee

t

s

t

t  

,c  

where .
1 3

21

L

LL
L




  As a result Hyers-Ulam stability of (11) follows. Also, it 

is easy to see that if (H5) is satisfied, that is 

            ,,,, ttxtxtxtftx   (14) 

where   ,24

sin







 



t

et  then, 

        
t

tdssctytx
0

,  

which shows that (11) has Hyers-Ulam-Rassias stability. 

5. Conclusion 

The following are the conclusions: 

1. We prove Gronwall type inequality for first order NDDE with piecewise 

constant deviating argument. 

2. We use the method of steps to get the existence of a solution of (1). 

3. We prove Hyers-Ulam and Hyers-Ulam-Rassias stability of a solution 

of (1) using Gronwall type inequality. 
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